SHARP BOUNDS FOR THE GENERALIZED HARDY OPERATORS 



FAYOU ZHAO*, ZUNWEI FU, AND SHANZHEN LU 

^ , Abstract. We get the sharp bound for weak type (1, 1) inequality for n-dimensional 

^s^j ■ Hardy operator. Moreover, the precise norms of generalized Hardy operators on the 

type of Campanato spaces are obtained. As applications, the corresponding norms of 
the Riemann-Liouville integral operator and n-dimensional Hardy operator are deduced. 
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[J^ | Let the Hardy operator 



1. Introduction 



H(f)(x) = - f X f(t)dt, x^O, 
x Jo 



defined for locally integrable functions / on the line. A classical inequality, due to Hardy 
[11], states that 

P 

II#1Up(k)->z>(k) = 7— p (l.i) 

for 1 < p < oo, and the constant is best possible. Thus the classical Hardy inequality 
^1" , says that the norm of the Hardy operator on LP(M.) is equal to 

In 1976 Faris [9] first gave a definition of Hardy operator in n-dimensional case. In 
1995, Christ and Grafakos [5] gave its equivalent version of n-dimensional Hardy operator 



Uif)i,)- 7T ±^ / /(.</>'>//• -eIP:"\{()}. 

\y\<\ x \ 



^1/^1 1 X I 



defined for nonnegative functions on M n , where Q n = r (i"+n/2) * s ^ e vomme °f the unit 
ball in M n . The norm of T~L on L p (M n ), 1 < p < oo, was evaluated in [5] and found to be 
equal to that of the one-dimensional Hardy operator, i.e., 

\\U\\LP(Wl n )->LP(Wl n ) = p^_i 

It is often desirable to obtain sharp norm, or weighted, estimates for Hardy integral in- 
equalities. For the earlier development of these kinds of inequalities and many important 
applications in analysis, we refer to the book [12]. Among numerous papers dealing with 
such inequalities, we choose to refer to papers [1], [4], [8] and [17]. 

To state our main results, we first recall some necessary notations and definitions. 
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In what follows, denote Q(x,K) by Q the cube centered at x with sides (parallel to the 
axes) length R, \Q(x, R)| the Lebesgue measure of Q(x,R) and 



fQ(x,K) = , n , 1 p x, / f(y)dy. 

\Q(x, R) Jq(x,r) 



\Q(x, R)| Jq^-r)' 

It is easy to see that \Hf\ < Mf, where M is the central Hardy-Littlewood maximal 
operator defined by 

Mf{x) = sup/ Q( R) . 
R>0 

As we know, maximal operators play a central role in the theory of differentiation of 
functions and also in Complex and Harmonic Analysis. Melas [14] found the exact value 
of the best possible constant C = 1.5675208 ... for the weak-type (1, 1) inequality for one- 
dimensional centered Hardy-Littlewood maximal operator. It is the first time that the 
best constant for one of the fundamental inequalities by a centered maximal operator is 
precisely evaluated. Stein and Stromberg [16] obtained certain upper bounds in the case of 
centered maximal operators, while the question on whether the best constant in the weak- 
type (1, 1) inequality for certain centered maximal operators in 1" has an upper bound 
independent of n is still open (see also [2]: Problem 7.74b). For \Hf\ < Mf and M is 
weak- type (1, 1), it is easy to see that % is also weak- type (1,1). An interesting question is 
whether the constant in the weak-type (1, 1) inequality for n-dimensional Hardy operator 
is independent of n as that of strong type (p,p), 1 < p < oo. We will answer this question 
in Section 2. 

To study the local behavior of solutions of second order elliptic partial differential equa- 
tions, Morrey [15] introduced some spaces of functions which are called to be the classical 
Morrey spaces L g ' X (R n ). 

Definition 1.1. Let 1 < q < oo and — 1/q < A. The Morrey space L q > x (R n ) is defined 
by 

L^(IT) = {/ G Lf oc (M«) : \\f\\ Lq , HRn) < oo} , 

where 

( i f Y /q 

L9 ,A (M n) := sup — m|1+A / \f\ q dx 

V ; aeR",R>0 \\Q{a,tt)\ 1+Aq JQ(a,R) J 

Obviously, L"' A (M n ) is a Banach space. 

Remark 1.1. L q ~ 1 / g (R n ) = L q {R n ), L q >°{R n ) = L°°(M n ). When A > 0, L«' A (M n ) = 
{0}. Therefore we only consider the case —l/q<\<Q below. 

Definition 1.2. Let b £ L /oc (M n ). We say that b € BMO{R n ) if and only if 

sup T7TT / l 6 "M < °°- 
The BMO norm of b is defined by 



sup T^T / \ b ~ b Q\- 



\BMO ■- 



If one regards two functions whose difference is a constant as one, then space BMO is 
a Banach space. 
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Definition 1.3. A locally integrable function f is said to belong to BLO(R n ) if there 
exists a constant C > such that for any cube Q C M ra , 



1 

W\ 



f(x) - inf f(y) 



alx < C. 



The minimal constant C is defined to be the BLO{R n ) norm of f and denoted by ||/||_BLO(R n )- 

The space BLO(R n ) was first introduced by Coifman and Rochberg in [7]. It should be 
pointed out that BLO(R n ) is not a linear space and || • \\BLO(R n ) * s not a classical norm. 
It is easy to see 

L°°(R n ) C BLO(R n ) C BMO(R n ). 



Definition 1.4. The Lipschitz space Lipp(R n ) is the space of functions f satisfying 

\f(x + h)-f(x) 

x,heR n ,h^0 

where < j3 < 1. 



Lipp (K n ) : ~ , in |TT^ < °°> 



Remark 1.2. When < /3 < 1, Lipp(R n ) = Ap(R n ), where Ap(R n ) is the homogeneous 
Besov- Lipschitz space. 

Definition 1.5. Let — oo < a < 1 and < p < oo. A locally integrable function f is 
said to belong to the Campanato space £ a ' p (W n ) if there exists some constant C > such 
that for any cube Q C R n , 



-t-^(j7^ I 1/0*0 - fo\ p dx) ^ < C. 

] \ a ' n \\Q\J Q Q J 



\Q\ C 

The minimal constant C is defined to be the £ a ' p (R n ) norm of f and denoted by ||/||£a.p(R«)- 

The Campanato space £ a ' p (M. n ) was first introduced by Campanato in [3]. 
Remark 1.3. 

C Lip a (R n ), forO<a<l, 
S a ' p (R n ) = I BMO(R n ), for a = 0, 

{ L p > a / n (W ), for -n/p < a < 0. 

Motivated by the definition of BLO(R n ), Hu, Meng and Yang [13] introduced the 
definition of space £*' p (R n ), which is a subspace of £ a ' p (R n ). 

Definition 1.6. Let — oo < a < 1 and < p < oo. A locally integrable function f is 
said to belong to the Campanato space £* ,p (R n ) if there exists some constant C > such 
that for any cube Q C R n , 



(- 1 



\Q\""> \\Q\Jq 



J 

Jq 



f(x)-mif(y) 



p \ i/p 
dx) <C. 



The minimal constant C is defined to be the £*' p (R n ) norm of / and denoted by 
£«-p(]Rn)- Here £*' p (R n ) is not a linear space and || • ||£«'P(Rn) is not a classical norm. 

Remark 1.4. ^ 0,1 (]R Tt ) = BLO(R n ). 
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In 1984, Carton-Lebrun, Fosset [4] defined the weighted Hardy-Littlewood average op- 
erator Utp. Let ip : [0,1] — > [0, oo) be a function. For / is a measurable complex-valued 
function on W 1 , one then defines the weighted Hardy-Littlewood average U v as 

(U v f)(x)= [ f(tx)<p(t)dt, 
Jo 

For some functions, (p, with the same domain, but the range of them may be different. 
In this view, we think it may be suitable to call the operator U v the generalized Hardy 
operator (see Section 3). 

In [17], Xiao obtained that the generalized Hardy operator XJ V was bounded on L p (M. n ), 
1 < p < oo, if and only if 

f r n / p y{t)dt < oo. 
Jo 

Moreover, 

\\UJ LP ^ LP = C ' t- n '*><p(t)dt. 
Jo 

The result seems to be of interest as it is related closely to the Hardy integral inequality. 
For example, if <p = 1 and n = 1, then U v may be reduced to the Hardy operator H 
mentioned above, and (1.1) can be deduced immediately. Xiao also showed that was 
bounded on BMO(R n ). And the precise norm of U v on BMO(R n ) was 

WUipWBMO^^BMOiW 1 ) = / <p(t)dt. 

Jo 

We gave a new method to get the sharp bound for n-dimensional Hardy operator in 
[10]. It relies on the method of rotations and on the principle that many positive averaging 
operators attain their (weighted or unweighted) Lebesgue space operator norms on the 
subspace of radial functions. In section 3, we will discuss the precise norms of generalized 
Hardy operators on the type of Campanato spaces. As applications, the corresponding 
norms of the Riemann-Liouville integral operator and n-dimensional Hardy operator are 
deduced, respectively. 

2. Weak-type (p,p) bounds of ti-dimensional Hardy operators 
Theorem 2.1. For 1 < p < oo, the following inequality 

II'^(/)IIlp.° c (r™) < i • ||/||lp(r") 

holds. Moreover, 

\\'H\\LP(M n )-^LP' °(M n ) = 1- 

Obviously, the best constant in the weak-type (1, 1) inequality for % is independent of 

n. 

Remark 2.1. From Theorem 2.1 and Theorem 1 in [5], we know that for 1 < p < oo 

II^IIlp(R™)->Lp.°°(R™) = 1 < - _ ^ = ||%||lp(R")-»I,p(R")- 

Also we can deduce that 

II^IIl 1 (r)^l 1 .° c (r) = 1 < 1.5675208... = HMH^^^i.oo^). 
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Proof of Theorem 2.1 We only give the proof of the case 1 < p < oo, with the usual 
modifications made when p = 1 or p = oo. For < A < oo, we have 



|{xGl":|ff/(x)|>A}| 
1 



< 



< 



x 6 



x € 



x 6 



| x I 

1 



LP 



(n n \x\ n )Vf 



KM 



y\<\x\ 



> A 



f(y)dy 



> A 



\f(y)\ p dy) (f 

J \J\y\<\x 



> A 



iGl": \x\ n < 



\f\\ p LP ^ lh 



XPQ n 
r n ~ l drdx' 



= 1 • 



s™- 1 JO 
v 

LP 



where we use Holder's inequality with index p. 

On the other hand, we will show that the constant 1 is the best possible. Denote 
Xr = X[o,r], r>0. Taking f {x) = Xr(M), we get 

\\M\l P = n n r",HMx) = ^— [ Xr(\y\)dy<'[ dy = 1. 

5 'n|^| J \y < \x\ 5 'n|-i-| J\y\<\x\ 



For < A < 1, we divide r into two cases: 
(i) when r > 

1 



nf Q (x) 



xA\y\)dy 



dy=l. 



Then 



\{x € R n : Ufo(x) > A}| = |{iGE n :0< |x| < r}\ = n n r n . 
(ii) when r < \x\, 



Hf (x) 



^n\x\ n J\y\<\ x 



Xr{\y\)dy = 



&"n\x\ n J\y\<r 



dy = 



Then 



\{x € R n : nf (x) > A}| = |{i Gl" : — — - > A; r < |x|}| = n n r n (l/X - 1). 



From the above results, we have the following estimate 

\{x e R n : Hf (x) > A}| = jn n r n = j\\f \\ p LP . 
It implies that for 1 < p < oo 

sup \\{x € R n : Hfo(x) > A}] 1 ^ = sup A 1 - 1 / p ||/o||lp = 1-||/o||lp. 

0<A<1 0<A<1 

Therefore, we finish the proof of Theorem 2.1. 
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Remark 2.2. T-L is not strong-type (1,1). 

In fact, we take f(x) = |x| a x r (|a;|), a > —n. Obviously, / € L 1 (W l ), but 

Hf(x)dx > [ T -^— / \y\ a dydx = -?—r n+a u; n f°° ^ = oo. 

J\x\>r ^^n\X\ J \y\<r Tl -\- OL J r t 

3. Sharp bounds for generalized Hardy operators on the spaces of 

Campanato types 

Theorem 3.1. Let ip : [0, 1] — > [0, oo) be a function and 1 < p < oo, — n/p < a < 1. 
Then U v is a bounded operator on £ a ' p (W l ) if and only if 



[ t a tp(t)dt < oo. (3.1) 
Jo 



Moreover, 

\\U<p\\£a,P(Mn)- ¥ £a,P(M n ) = / t° ' lf(t)dt . 

Jo 

Example 2.1 If n = 1 and <p(t) = /3(1 - if' 1 ((3 > 0), then 



EVf(*) = 4 f\x-tf- l f{t)dt. 
XH Jo 



This operator is called the Riemann-Liouville integral operator Rp. We now easily get the 
following results 

Corollary 3.1. Let 1 < p < oo. Then Rp is a bounded operator on L P (R). Moreover, 

\\R/3\\lp(r)^lp(r) = - l/p,/3), 
where B is the usual beta function. 

Corollary 3.2. Let 1 < p < oo and —\/p<a<\. Then Rp is a bounded operator on 
£ a > p (R). Moreover, 

\\R/3\\e a >p(M.)^-e a >p(R) = /3B(a + l,/3). 

Example 2.2 If ip(t) = 1 and n = 1, is just reduced to the classical Hardy operator H. 
If tp(t) = nt n ~ x , n > 2 and / is a radial function, then is just reduced to n-dimensional 
Hardy operator H (cf. [5], [8], [9]). In fact, using the polar coordinate transformation, we 
have 



nf[x) = nih/, , 

s 'nK| J\y\<\x\ 



dy 



^ / [* f(ry')r^drda(y>) 
"nFl JT.n-1 Jo 



= rT / C firy'^W^dr da(y') 

= £ f f{tx)t^dt 
"n Jo 

= [ f(tx)nf t - 1 dt. 
Jo 
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Therefore, we yield the norm of n-dimensional Hardy operator including the classical one 
on the Campanato space. 

Denote by £ a 'P(R n ) = {/ : f is radial and f G S a ' p (R n )}. 

Corollary 3.3. Let 1 < p < oo, — n/p < a < 1. Then % is a bounded operator on 
£ a >P(R n ). Moreover, 

IIWII- - n 

\\n\\e«.v^e~* n + a 

Set BMO{W l ) = {f : f is radial and f G BMO(W 1 )}. We have 

\\H\\bmo^bmo = 1- 

Proo/ o/ Theorem 3.1. Let / G £ a ' p (IR n ). For any Q we use Fubini's theorem to get 

(U^f)Q = J Q (U^){y)dy 

1 /" f l 

' f(ty)<p(t)dt dy 



\Q\ J Q Jo 

= [ ftQ<p(t)dt. 
JO 

Then we use the Minkowski integral inequality and get the following estimate 
1 



(U v f)(y)- f ftQ<p(t)dt 
Jo 



dy 



v \ Vp 



l<3K" VIQI Jo 

^ pf(fi/ 4 |,w - w *) 1 "* 11 

< / t^dt ■ wf\\ £a , P{Rn) , 

Jo 

where the last equality we use the variable z = ty. 

On the other hand, we will show the constant t a (p(t)dt is best possible. We will 
consider three cases. 

(i) < a < 1. 

Let f (x) = \x\ a , x G R n . We have 

\fo(x + h)- f (x)\ = \\x + h\ a - \x\ a \ < \h\ a 
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for x G M. n and h G M n \{0}. This yields that f G Li Pa (R n ). And 

(U v f )(x)= f 1 f (tx)<p(t)dt = f ~ t a ^(t)dt-\x\ a = C t a y{t)dt- fo{x). 
Jo Jo Jo 

(ii) a = 0. 

Xiao [17] gave an suitable function as follows: 

1 x G 



fo(x) = { \ 



where and R™ denote the left and right halves of W 1 , separated by the hyperplane 
xi = (xi is the first coordinate of x G M n ). 

(iii) — n/p < a < 0. 

We also take the function fo(x) = \x\ a , x G M n which is the same as case (i)(cf. [10]). □ 
Similar to the proof of Theorem 3.1, we also get the following result 

Theorem 3.2. Let (p : [0, 1] — > [0, oo) be a function and 1 < p < oo, —n/p < a < 1. 
Then U v is a bounded operator on £^ ,p (W l ) if and only if (3.1) holds. Moreover, 

\\ u <p\\e?"^£?» = [ t a f(t)dt. 
Jo 

Denote by £?' p (R n ) = {/ : f is radial and f G £?' P (W 1 )}. 

Corollary 3.4. Let 1 < p < oo, —n/p < a < 1. Then % is a bounded operator on 
C> p {R n ). Moreover, 



n 



\H\\ ca,p pa,p 



n + a 

Set BCO(R n ) = {f : f is radial and f G BLO(W 1 )}. We have 

\\7-L\\bco^bco = 1- 

Remark 3.1. We conjecture that the radial conditions of Corollary 3.3 and 3.4 can be 
removed. 
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